HODGE THEORY AND DEFORMATIONS OF KAHLER MANIFOLDS 



KEFENG LIU, SHENG RAO, AND XIAOKUI YANG 

Abstract. We prove several formulas related to Hodge theory and the Kodaira-Spencer- 
Kuranishi deformation theory of Kahler manifolds. As applications, we present a con- 
struction of globally convergent power series of integrablc Beltrami differentials on 
Calabi-Yau manifolds, and use an iteration method to construct global canonical families 
of holomorphic (n, 0)-forms on the deformation spaces of Kahler manifolds. 



1. Introduction 

In this paper, we will present several results about Hodge theory and the deformation 
theory of Kodaira-Spencer-Kuranishi on compact Kahler manifolds. Our main observa- 
tions include a simple L 2 -quasi-isometry result for bundle valued differential forms, an 
explicit formula for the deformed <9-operator, and an iteration method to construct global 
Beltrami differentials on Calabi-Yau (CY) manifolds and holomorphic (n, 0)-forms on the 
deformation of compact Kahler manifolds of dimension n. We will present an alternative 
simple method to solve the (^-equation, prove global convergence of the formal power 
series of the Beltrami differentials and the holomorphic (n, 0)-forms constructed from the 
Kodaira-Spencer-Kuranishi theory. These series previously were only proved to converge 
in an arbitrarily small neighborhood. We will discuss more applications to the Torelli 
problem and the extension of twisted pluricanonical sections in a sequel to this paper. 

Let us first fix some notations to be used throughout this paper. All the manifolds in 

this paper are assumed to be compact, though some results still hold for complete Kahler 

manifolds. In this paper a Calabi-Yau, or CY manifold X, is a compact projective 

manifold with trivial canonical line bundle. By Yau's solution of Calabi conjecture, there 

is a CY metric on X of dimension n such that the holomorphic (n, 0)-form Qq on X 

is parallel with respect to the metric connection. For a complex manifold (X, uo) and a 

Hermitian holomorphic vector bundle (E, h) on X, we denote by A PA (X) the space of 

smooth (p, q , )-forms on X and by A p,q (E) = A p,q (X, E) the space of smooth (p, g)-forms 

on X with values in E. Similarly, let M. p,q (X) be the space of the harmonic (p, g)-forms 

and let M. p,q (X, E) be the space of the harmonic (p, g)-forms with values in E. Let V be 

the Chern connection on (E, h) with canonical decomposition V = V' + d, where V is 

the (1,0) part of the Chern connection V. Let G and H denote the Green operator and 

harmonic projection in the Hodge decomposition with respect to the operator d, that is 

I = H+ (dd* + !?d)G. A Beltrami differential is an element in A°' 1 (X, T%°), where T 1 / 

i 

denotes the holomorphic tangent bundle of X. The L 2 -norm || ■ || = || ■ WI2 is induced 
by the metrics cu and h. The Holder C fe,Q -norm || ■ \\f. y0l will be used on the Beltrami 
differentials. 

Now we briefly describe the main results in this paper. The following quasi-isometry 
on compact Kahler manifolds is obtained in Section |2j 
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Theorem 1.1 (Quasi-isometry). Let (E,h) be a Hermitian holomorphic vector bundle 
over the compact Kdhler manifold (X,u). 

(1) For any g £ A n '*(X, E), we have the following estimate 

\\d*Gg\\ 2 <(g,Gg). 

(2) If (E, h) is a strictly positive line bundle and u = y/^ 1Q E , then for any g £ 
A n ~ 1 '*(X,E), we obtain 

\\d*GV'g\\ < \\g\\. 

(3) If E is the trivial line bundle, for any smooth g £ A*'*(X), 

\\d*Gdg\\ < \\g\\. 

In particular, if ddg = and g is d* -exact, we obtain the isometry 

\\d*Gdg\\ = \\g\\. 

Here the operator d*G can be viewed as the "inverse operator" of d. More precisely, we 
can write down the explicit solutions of some <9-equations by using d G, which can also be 
considered as a bundle-valued version of the very useful <9<9-lemma in complex geometry. 

Proposition 1.2. Let (E, h) be a Hermitian holomorphic vector bundle with semi-Nakano 
positive curvature tensor Q E over the compact Kdhler manifold (X, to) . Then, for any 
g £ A n ~ 1 '*(X, E) with dVg = 0, the d-equation ds = Vg admits a solution 

s = d*GVg, 

such that 

\\s\\ 2 <(Vg,GVg). 
Moreover, this solution is unique if we require H(s) = and d s = 0. 

Note that the proofs of the above results only need very basic properties of Hodge 
theory, so they still hold on general Kahler manifolds as long as Hodge theory can be 
applied. 

Next we let and 0j both denote the contraction operator with £ A 0,1 (X,T^°). 
The Lie derivative can be lifted to bundle valued forms by 

£ = -V o ^ + if o V. 

The following theorem in Section E] gives explicit formulas for the deformed differential 
operators on the deformation spaces of complex structures. 

Theorem 1.3. Let £ A°' 1 (X, T]f). Then on the space A*'*(X, E), we have 

e -H oVoe^V-^- = V - 4'° + ia^i m . 

In particular, if a £ A n '*(X, E) and <fi is integrable, i.e., d(f> — \ [(f>, <fi] = 0, then 

(eT 4 * o V o e l +) (a) = da + V'(c/>ja). 

As an application of Theorem 11.11 and Theorem 11.21 we develop a recursive method in 
Section H] to construct Beltrami differentials in Kodaira-Spencer-Kuranishi deformation 
theory, which are globally convergent in L 2 -norm. More precisely we will obtain the 
following global convergence result on the deformation space of CY manifolds. 
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Theorem 1.4. Let X be a CY manifold and y x G H 0,1 ^, T^'°) wift norm ||yi|| — |- 
T/ien t/iere exzfo a smooth globally convergent power series in L 2 -norm for \t\ < 1, 

$(t) = ^it 1 + + • • • + Vkt k + • • • G ^(X,^ ), 

which satisfies: 

(1) a$(t) = i[$(t),$(t)]; 

(2) d ifk = for each k > 1; 

(3) (/?fcjfio d-exact for each k>2, where Qq is a holomorphic (n,0)-form on X; 

(4) j^olU 2 < oo as long as \t\ < 1. 

The key point in the above result is that the convergent radius of the power series is 
at least 1, which was previously proved to be sufficiently small. This power series thus 
obtained is called an L 2 -global canonical family of Beltrami differentials on the CY man- 
ifold. 

In Section [51 we obtain the following theorem to construct deformations of holomorphic 
(n, 0)-forms, which are globally convergent in L 2 -norm for CY manifolds. Analogous 
results for general compact Kahler manifolds are also proved in Section [51 

Theorem 1.5. Let X t = (X t , JWt)) be the deformation of the CY manifold X induced by 
as constructed in Theorem Then for any holomorphic (n,0)-form Q on X and 



\t\ < 1, Clf := e*^jOo defines an L 2 -global canonical family of holomorphic (n,0) -forms 
on X t . 

The proof of this theorem is based on the global construction of $(t) in Theorem 11.41 and 
an iteration procedure to construct holomorphic sections of the canonical line bundle Kx t 
of the deformation X t of a Kahler manifold. As a straightforward corollary of Theorem 
ll.5[ we have the following global expansion of the canonical family of (n, 0)-forms on the 
deformation space of CY manifolds in cohomology classes. This expansion has interesting 
applications in studying the global Torelli problem. 

Corollary 1.6. With the same notations as in Theorem \1.5\ there holds the following 
global expansion of ] in cohomology classes for \t\ < 1 

N 



1.1) [ttf] = [Q ] + ^fojfioft + 



i=l 



where 0(|£| 2 ) G ^^H n ~^'^{X) denotes the terms of orders at least 2 in t and N = 

3=2 

dimU '\X,T^ ). 

Finally we briefly explain the backgrounds and motivations. The main motivation is 
the classical Teichmuller theory for Riemann surfaces in [1] , where the main result is the 
proof of the existence of a solution of the Beltrami differential equation in C 

■^w(t;z,z) = t^(z,z) -^w(t;z } z) } 

where fi(z,z) is a Beltrami differential with \\fi (z, z)\\ Loc < c < 1. The solution of 
Beltrami differential equation is based on an iteration method due to Bojairski [2], while 
it was Morrey [9] who first proved the existence of the solution of Beltrami equation. One 
of the main ingredients in the proof of the convergence of the Bojairski iteration method 
is the L 2 -isometry of the inverse d of the d operator in one complex variable. The 
iteration method of Bojairski was generalized by Kuranishi, who considered a compact 
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Hermitian manifold (X, w) without global holomorphic vector fields and used an analogue 
of the Bojairski method to construct the Kuranishi map 

«: H ' 1 (X,T^°) — »■ H ' 2 {X,T X '°) 

as follows. Let {(f>i} i=1 be a basis of H ' 1 (X,T X ' 0> ) and let us consider a power series 
<px (t) with coefficients in A ' 1 (X,T X ) defined by the recursive relations: 

N 1- 
<Px (r) = $>r* + -d* o G [0 x (r), fo(r)] . 

i=l 

Kuranishi showed that there exists e > such that <$>x(j) G ^l ' 1 (^>^x ) f° r l r l < £ ' 
and defined the map: 

(1.2) * (X>^) =Hfc(T),^(r)]) G HI 0,2 (X,T7) . 

He proved that there exists a locally complete family of complex manifold n : X — > k~ 1 (Q). 
The Kuranishi map (ll.2p is the most basic technical tool in various aspects of deformation 
theory. For details see [TO] . 

Acknowledgement This paper originated from many discussions with Prof. Andrey 
Todorov, who unexpectedly passed away in March 2012 during his visit of Jerusalem. 
We dedicate this paper to his memory. The second author would also like to express his 
gratitude to Weijun Lu, Quanting Zhao and Shengmao Zhu for their interest and useful 
comments. 

2. (^-EQUATIONS ON NON-NEGATIVE VECTOR BUNDLES 

In this section, we will prove a quasi-isometry result in L 2 -norm with respect to the 
operator d o G on a compact Kahler manifold. This gives a rather simple and explicit 
way to solve vector bundle valued 5-equations with L 2 -estimate. 

Let (E, h) be a Hermitian holomorphic vector bundle over the compact Kahler manifold 
(X, u) and V = V + d be the Chern connection on it. With respect to metrics on E and 
X, we set 

□ = m* + d*~8, 

□' = v'V* + V* V. 

Accordingly, we associate the Green operators and harmonic projections G, HI and G', 
HI' in Hodge decomposition to them, respectively. More precisely, 

I = H + □ o G, I = H' + D'oG'. 

Let {z l }™ =1 be the local holomorphic coordinates on X and {e a } r a=l be a local frame 
of E. The curvature tensor Q E e T(X, A 2 T*X g> E* ® E) has the form 

(2.1) Q E = BiUjz 1 A dz 3 ' ® e a ® e 7 , 

where TV.-. = W^Rr^a and 

(2-2) «.W=-|^ + ^^. 

y ' 3 p dz l dzi dz 1 dzi 

Definition 2.1. A Hermitian vector bundle (E,h) is said to be semi-Nakano-positive 
(resp. Nakano-positivej, if for any nozero vector u = u ta -^ <g> e a , 

(2.3) Yl RQafi'vPu* > 0, (resp. > 0). 



For a line bundle, it is strictly positive if and only if it is Nakano-positive. 

Theorem 2.2 (Quasi-isometry). Let (E,h) be a Hermitian holomorphic vector bundle 
over the compact Kahler manifold (X,cu). 

(1) For any g G A n '*(X, E), we have the following estimate 

\\8*Gg\\ 2 <{g,Gg). 

(2) If(E,h) is a strictly positive line bundle and u = \^1Q E , for any g G A n ^ 1 '*(X, E), 

\\B*GVg\\ < \\g\\. 

(3) If E is the trivial line bundle, for any smooth g G A*'*(X), 

\\B*Gdg\\ 2 = \\g\\ 2 - \\M(g)\\ 2 - (d*g, G(d*g)) - \\G(8dg)\\ 2 < \\g\\ 2 . 
In particular, if ddg = and g is d* -exact, we obtain the isometry 

\\d*Gdg\\ = \\g\\. 

Proof. (1). For g G A n '*(X,E), 

\\d*Gg\\ 2 = (dd*Gg,Gg) 

= (g,Gg)-(d*dGg,Gg)-{Ug,Gg) 
= (g,G) - (dGg,dGg) 
< {g,Gg) 

since the Green operator is self-adjoint and zero on the kernel of Laplacian by definition. 

(2). For any g G A"~ 1 '*(X, E), by the well-known Bochner-Kodaira-Nakano identity 
□ = □' + [v^lO^, AJ, we have 

U(Vg) = n'(Vg) + q(Vg) = (□' + q)(Vg). 

Hence M(W'g) = and DG(V'g) = Vg = n'G'(Vg) since obviously W(Vg) = by 
Hodge decomposition. Moreover, 

(Vg,G(Vg)) = (Vg,^T\Vg)) 

= (Vg,(a + q )-\Vg)) 

< (Vg,D'-\Vg)) 

= (Vg,G'(Vg)). 



Therefore, 



\\d*GVg\\ 2 < (Vg,GVg) 

< (Vg,GV'g) 
= (g,V*VG'g) 

= (g,g-W(g)-VV*G'g) 

= ll^ir-||H^)|| 2 -(V^,G'V^) 

< Nl 2 - 
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(3). If E is the trivial line bundle, for any g G A*'*(X), we have 
||9*G<9<7|| 2 = (&*Gdg,d*Gdg\ = (W*Gdg,Gdg 
'UGdg - d*dGdg, Gdg 

= (dg,Gdg) - (TdGdi 

= (g, d*dGg) - (Gddg, Gddg) 

= (g,n'Gg-dd*Gg)-\\G(ddg)\\ 2 

= (g,g-M(g)-dd*Gg)-\\G(ddg)\\ 2 

= \\g\\ 2 - \\M(g)\\ 2 - (d*g,G(d*g)) - \\G(ddg)\\ 2 

< Nl 2 , 

since the Green operator is nonnegative. In particular, if ddg = and g is <9*-exact, we 
have M(g) = and d*g = 0. Hence, we obtain the isometry \\d Gdg\\ = \\g\\. □ 

Proposition 2.3 (9-Inverse formula). Let (E,h) be a Hermitian holomorphic vector 
bundle with semi-Nakano positive curvature Q E over the compact Kahler manifold (X, u). 
Then, for any g G A n ~ 1 '*{X, E), 

s = d*GVg 

is a solution to the equation ds = Vg with dVg = 0, such that 

\\s\\ 2 <(Vg,GVg). 

This solution is unique as long as it satisfies H(s) = and d s = 0. 

It is worth noting that unlike Hormander's L 2 -estimate to solve 9-equation, we do not 
need the a priori L 2 -estimate condition here. 

Proof. By the well-known Bochner-Kodaira-Nakano identity □ = □' + [y/—lQ E , A J, one 
can see that for any <p G A n >*(X, E), 

if E is semi-Nakano positive (e.g. [1]). It implies that, for any <fi G A n, *(X, E), 

(□0,0)>(D>,0). 

Thus, on the space A n, *(X, E), 

(2.4) kerDCkerD'. 

By Hodge decomposition, we have 

ds = W*GVg = Vg - MVg - d*d~GVg = Vg - UVg = Vg, 

where the identity MVg = is used. Actually, we know Vg-L ker □' and obviously 
V'^-LkerD by (|2.4p . The uniqueness of this solution follows easily: If M(s) = 0, d s = 
and ds = 0, then 

s = M(s) © DG(s) = M(s) © (W + d*d)G(s) = 0. 

□ 
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3. Beltrami differentials and deformation theory 

In this section we prove several new formulas to construct explicit deformed differen- 
tial operators for bundle valued differential forms on the deformation spaces of Kahler 
manifolds. These formulas will be applied to the deformation space of CY manifolds in 
later sections while more applications to the deformation theory of Kahler manifolds and 
holomorphic line bundles will be discussed in the sequel to this paper. Throughout this 
section, X is always assumed to be a complex manifold. 

For Xq G T(X, Tx°), the contraction operator is defined as 

i Xo : A™(X) -> A*- l «{X) 

by 

{i>x u){Xi, ■ ■ ■ , X p _i, F 1; • • • , Yq) = uj(X , Xi, ■ ■ ■ , Xp-x, Yi, ■ ■ ■ Y q ) 

for Xi, ■ ■ ■ , X p _i G T(X, T]f) and Y\, • • • , Y q G T(X, T^' 1 ). We will also use the notation 
£ j' to represent the contraction operator in the sequel, that is, ix {w) = X _iu. 
For <p G A 0,S (X, T^ ), the contraction operator can be extended to 

V : A p ' q (X) -> A p -^ q+s {X). 

For example, if = r]®Y with 7] G A^ q (X) and Y G T(X, T^'°), then for any u G A p > q (X), 

{i^){uj) = f] A (i Y u)). 

The following result follows easily. 

Lemma 3.1. Let G A°' 9 (X,T^°) and ^ G A°' S (X, T 1 /). Then 

(3.1) ^o V = (-l)(^)( s +%o V 
For Y G r(X, Tx), the Lie derivative Ly is defined as 

(3.2) C Y = doi Y + i Y od: A S (X) ^ A S (X). 

For any (ft G v4°' 9 (X, T^-' ), we can define i$ as (j3J) and thus extend £^ to be 

(3.3) £^ = (-l) 9 d o ^ + ^ o d. 
According to the types, we can decompose 

r — r 1 ' _i_ z" ' 1 
^0 ~~ *-<f> 4> ' 

where 

£j'° = (-l)«5o^ + ^o5 

and 
Let 

o?* = — (p\ -■ dz jl A • • • A dz jp ® di and ib* = — ihl - h dz kl A • • • A dz kq <g> 
Then, we write 

(3.4) [<p t Ti>] = ^(^Aa^-(-ir^A^)®a„ 

where 

dtffP = ^-V , e^' 1 A ■ ■ • A dz jp 

7 



and similar for . In particular, if (p, ifj G A 0,1 (X,T^°), 

n 

[<p, i)] = (<P* A W + V A 0^') <8) a,-. 
i,i=i 

Let (i?, /i) be a Hermitian holomorphic vector bundle over X and V be the Chern 
connection on (E,h). Then the operators [•,•] can be extended to the E- valued 

(p, q) forms in the canonical ways. For example, for any (p G A 0,k (X, Tjf), we can define 

(3.5) ^=(-lfVo V + V oV. 
Then we have the following general commutator formula. 

Lemma 3.2 (0). For tp e A°' k (X,T^°), if' G A°> k '(X, T]f) and a G A*'*(X,E), 
(-l) k '^C^a + (-lf k+1 C^(^a) = [^w'Jja, 

or equivalently, 

In particular, if tp,(p' G A 0,1 (X, T]f), then 

(3.6) [up, ip']ja = — V' (<p' -i((p-ia)) — tp^(tp'JV'a) + <pjV'((p'-ia) + <p' jS/' (ip-ia) 
and 

(3.7) = — d(ip' j((pja)) — (pj((p'jda) + pjd(ip'ja) + <p'jd(ipja). 

Proof. Since the formulas are all local and C-linear, without loss of generality, we can 
assume that 

<P = V ® X, V 3 ' = v' ® x', 
where rj G y4°' fc (X), r/ G A°' k '(X), X , x' e T(X, 7$°) and d?? = d?/ = 0. Since dr? = dr( = 
0, we have x'(v) = x(v') = 0- Hence, we obtain 

[f,f'\ =r]Ar]'[x,x'\- 
On the other hand, for any a G A*<*(X, E), 

C^a = n A (x^Va) + (-l) fc V(?7 A 

= rj A (x^Va) + (-l) fc (^ A (xjo) + (-l)S A V(xjcx)) 
= tj A (%jV« + V(x-ia)) 
= r] A C x a. 

Now, we have 

ipjCyia =r] A X->{v' A £ X /Q 

= (-l) fc, 7/ A 77' (£ x /(x_ia) - [x, 

= (-l) fc ' (77 A Mx jQ! ) — rj At]' A ([ X ', x] 

= (-l) fc '[^, ^]jq + (-l)*'( 1+fc >ZVfa A (xja)) 

= (-l) & '[^, ^-.a + (-l) fe ' (1+fe) M^a), 
where we apply the formula 

[X, x]-ia = £x'(x jQ - X-^*'", 

which is proven in [7], and 

^(H = (-i) fc 'V^M. 
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In fact, 

=C<pf(ri A (xjq;)) 

=^'jV(?7 A (xjck)) + (-l) fe 'V o ^(77 A ( X ja)) 

=^(^ A (xja)) + (-1) V-ifa A V(xja)) + (-1) W" 1 ^ A (y/-i(xja))) 
= (_ 1 )fc+*(fc'-i) 77 A (y/j(V(xja))) + (-if+Hk'-i)+k v A v(^'j( X ja)) 

= (-l)^A^( XJ «). 

□ 

As an easy corollary, we have the following result which was known as Tian-Todorov 
lemma. 

Lemma 3.3 ([IEIH5]). If<p,^E A 0,1 (X,T x fi ) and Q G A n >°(X), then one has 

(3.8) [<p, = -d(ipj(ipM)) + ipjd(ipM) + ifjjd(ipjn). 
In particular, if X is a CY manifold and <p,ip G H 0,1 (X, T x ), then 

(3.9) [<p,iP)M = -d(il;j(tpM )). 
Note that here (pjflo and ipjflo ore both harmonic. 

Let 4> G A 0,1 (X, T x ' ) and i$ be the contraction operator. Define an operator 

oo 1 

e H = V" — i\ 

k=0 

where — o • • • o i^. Since the dimension of X is finite, the summation in the above 

k copies 

formulation is also finite. 

The following theorem gives explicit formulas for the deformed differential operators on 
the deformation spaces of complex structures. It also explains why it is relatively easy to 
construct extension of sections of the bundle Kx + E where Kx is the canonical bundle 
of X. We remark that this result is motivated by [3] where a special case was proved. 

Theorem 3.4. Let G A°' 1 (X, T x '°). Then on the space A*>*(E), we have 

(3.10) e -VoVoe^V-^-ii [w]l 
or equivalently 

(3.11) e _i * odoj* = d-C / 
and 

(3.12) e ^oV'oe'* = V'-£j -n w| . 
Moreover, if d(f> — <fi], then 

(3.13) d- L 1 / = e- i < >o(8- ^)oeV. 
Proof. (13.1 ip follows from (I3.6P and formula 

P,<J] = «}- 1 oP,»#], 

which can be proved by induction by using (13. 6p . Similarly, ( 13 . 1 2[) follows from (13. 7\i and 
(3-14) [V^^^ofV'.vl-^^o^,, k>2. 
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Now we prove (13.141) by induction. It is obvious that (13.14|) is equivalent to for any k > 2, 

(3.15) F k := -ki k ~ l oVoi+ + (k- o V' + V o z* + ^ ~ ^ z^W] = 0. 
If fc = 2, it is (|33p. As for fc = 3, 

= 2 [0,0] O V - V O «[0,0] 

= 3Z0 o V' o i\ - V o zj _ 3i 2 oV'ov + jJoV' 
= 3z| oV'oi r 2^ oV'-V'ojJ - 3z o 
= -F 3 , 

where Lemma [3. II is applied. 

Now we assume that (I3.15P is right for all integers less than k > 3. That is, 

F 2 = F 3 = ■ ■ ■ = Fk-i = 0. 

We will show Fk = 0. Now we set 

Gk = F k — o F fc _! 

= oV'ov + »*oV + V'oi(^oVo + (k— l)i k i 2 i mv 

So, by induction, we have 

Gk — i<j>° Gk-i 
= V o <J - 2 V o V o zj" 1 + ij o V' o zj" 2 + zj" 2 o z [<M 
= (V o i\ + ij o V' - 2Z0 o V' o V ) o zj~ 2 + z^ 2 o i m] 



= -i[<t>,<t>] 




= -ij>°' 


° + ik f 2 ° W 


= -«} ° 


° i k f A + i k f 2 ° i[M 


■fc-3 


° ° V + ° V ° 




° (i[<t>,4>] ° i<f> - U ° 


= 





since i^i^ — V[<M = 0. Alternatively, we can also approach this equality directly by 
induction on the term Gt-^oGn, i.e., = G k -i -i<j> °G k -2 = -«[<M °^~ 3 + ^~ 3 ° «[<M- 
Now we finish the proof of (13.141) . From (I3.14p . it follows that 

by comparing the degrees. Then, we have 

e~** o V o e ** = e - ^ o [V', e**] + V 
= [V',z ] + V 

Now we finish the proof of (13.121) while the proof of (13.111) is similar. 
Finally, when dcj) = <fi], we have [2d — L^,i^\ =0 and thus 

[29 - e**] = 0, 

which implies that 

e _< * o (9 - £ ) o e *+ = 28-^- e -i * o o e** = - £j'°. 
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□ 



Corollary 3.5. If a e A n '*(X,E), we have 

(e-V o V o e **) (a) = da-ti (a)+ i 



d<t>-±[<f>,<t>] 



= da + V(4>^) + (d<f> -~[<f>, <t>]\.><T. 

In particular, if <f> is integrable, i.e., d(j) — 0] = 0, i/ien 
(3.16) (e - ** o V o e **) (a) = da + V'(0jtr). 

The above formula gives an explicit recursive formula to construct deformed cohomol- 
ogy classes for deformation of Kahler manifolds. When E is a trivial bundle, the above 
formula was used in [B] to prove the global Torelli theorem. 

4. Global canonical family of Beltrami differentials 

In this section, based on the techniques developed in Sections[2]and[3J we shall construct 
the following globally convergent power series of Beltrami differentials in L 2 -norm on a 
CY manifold. To avoid the bewildering notations, we just present the details on the 
one-parameter case and only give a sketch of the multi-parameter case. 

The convergence of the power series in the following lemma is crucial in our proof of 
the global convergence and regularity results. 

Lemma 4.1. Let {xi}^ be a series given by Xk = c^2iZi x % ' x k~i with real initial value 

OO 

x\. Then the power series S(r) = ^^x^r 4 converges as long as \r\ 

oo 

Proof. Setting S := S(t) = N XjT 1 , we have 



< 1 



|4csi| ' 




+oo 



(4.1) cS 2 = c x i ri ) ( 5Z x i ri ) = Xkrk ~ XlT = S ~ XlT - 

It follows from (143]) that 



k>l 



_ 1 ± y/l - ACXXT 

2c 



Here we take S{r) = 1 v/1 2e 4cx — , since we have 5(0) = according to the assumption. 
We therefore have the following expansion for S 

' 1 + E KI-i)-(|-" + D ( _ toiT 

n>\ 

I(l-i)...((„-l)-i) 





n! 



(Acxi) T n , 



which implies that 



This is the explicit expression for each x n . Now it is easy to check that the convergence 

oo 

radius of the power series S = /J^i?" 1 is 4|cxi|, and that this power series still converges 

i=l 

when r = ± ., 1 | . □ 
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Lemma 4.2. Let {xi}fj*^ be a series given by 

fc-i 

Xk—ij • 



11 1^ 

(4.2) xi = -, x 2 = -Xi-xi, ••• , x fc = - } j Xj • 



2' 2 ' " 2 

i=i 



JTien £/ie power series S(r) = ~^^XiT l converges as long as \r\ < 1. 



8=1 



Now we prove the global convergence of the Beltrami differential from the Kodaira- 
Spencer-Kuranishi theory. All sub- indices of the Beltrami differentials are at least f . 

The following result is contained in [161 US]) we briefly recall here for reader's conve- 
nience. 

Lemma 4.3. Assume that for ip u G A 0>1 (X, T 1 /), u = 2, • - • , K, 
(4.3) d<p v = - ^2 [<Poi,tpp] and d(p x = 0. 



2 

a+j3=v 



Then one has 
(4.4) 



Proof. By definition formula (13. 4p . one has 

(4.5) \fo,<A = -WM- 

Then we have 



2 



\ i /+7=A'+l / !y _|_ 7= ^_)_i 



vi/+7=K+l / i^+7= 



- E 

2 ^ 

= 2 [[<P*> ( Pp]> ( P-y]> 

where the second equality is implied by (14. 5p and the third one follows from the assump- 
tion (14. 3p . When a = (3 = 7, by Jacobi identity one has 

3 [[<p a ,<pp],<PT\ = 0. 
Otherwise, Jacobi identity implies that 

[[<p a , (pp] , ip y ] + [[(pp, <f y ) , <fia) + [[(P 7 , (Pa] , <Pp] = 0. 

□ 

Theorem 4.4. Let X be a CY manifold and tp x G BP' l (X,T^°) with norm \\(pi\\ = \. 
Then there exits a smooth globally convergent power series in L 2 -norm for \t\ < 1, 

(4.6) $(t) = Vl t l + <p 2 t 2 + ■■■ + ip k t k + ■ • • G A >\X,T%°), 

which satisfies: 

a) £$(t) = i[$(t), $(*)]; 

b) d ifk = for each k > 1; 
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c) (fik-i^o is d-exact for each k > 2; 

d) \\&{t) j^oIIl 2 < oq as long as \t\ < 1. 

Proof. Let us first review the construction of the power series by induction from [15 
and [IB] . Suppose that we have constructed ^ for 2 < k < j such that: 

a) 9y2 fc = I ^i=i [<Pk-i, <Pi]] 

b) d*(f k = 0; 

c) V9fcjf2 is 9-exact and thus <9(y?fcjfio) = 0. 
Then we need to construct (fij+i such that: 

a') ~dip j+ x = ~ ELit^+i-i) v<]; 
6') d*tp j+1 = 0; 

c') (^j+ij^o is 9-exact and thus <9(</?j+i jfi ) = 0. 
Actually, it follows from Lemma 13.31 and the assumption c) that 

(4.7) ^2l<p j+1 _i,if>i]jQ = ~d I c^j^fcj^o I • 

i=l \i+k=j+l / 

Then, Lemma 14.31 and the assumption a) imply 

(4.8) dd j ^ ^ J ^ J ^o I = d j ^[v9 j+ i_i, <ft] J jfi = 0. 
So formula (14.81) and Proposition 11.21 tell us that the equation 

\i+fc=j+i 

has a solution ^+1 = — d*Gd (j2 i+k= j +1 (pi-Upk^o j • Hence, we define 

where Qq := A • • • A in local coordinates is the dual of f2 . It is easy to check that 

d*(v j+1 M* ) = W(y j+1 )M* + y j+ ud*n* = 0, 

since Q is parallel, and also cfy^+i = \ Y^^ilPj+i-ii V 9 *]- See Lemma 1.2.2 and the 
argument on pp. 336 of [16] for more details. Now we have completed the construction of 
<fj+i = l^/j+iJ^Q) which is shown to satisfy Properties a'), b') and c'). To complete this 
induction, it suffices to work out the case j = 2. It is obvious that ipi can be constructed 
as 

1-* 

ip 2 = -d G<9(^u^ijQ )-i^o> 
which satisfies a), b) and c). Moreover, one has the following equality for each k > 2, 

(4.9) ^fcj^o = ^<9*G<9 ^ ^j^-jfio- 

i+j=fc>2 
13 



Next, let us prove the L 2 - convergence and regularity. In fact, without loss of generality 



we can assume that ||y>i_i£)o| 

||$(t)jfi || L 2 = I 



m\ 



| and thus have for \t\ < 1, 



ifik-i^O I t 3 



< 



< 



i=2 

■DO 



\i+k=j 



El E 



j=2 i+k=j 
oo 

3=2 
< OO, 




by Lemma [4.21 and quasi-isometry Theorem ll.lt Here we use the same notations for the 
series Xj as in Lemma [4.21 

As for the regularity of $(t), we can obtain it directly by the elliptic regularity the- 
orem, which tells us that every fundamental solution of an elliptic operator is infinitely 
different iable in any neighborhood not containing 0. Then it is obvious that <9$(i) = 
by the 9-exactness of (pk-i^o for each k > 2 and the harmonicity of ipijQo, and that the 
operator d is elliptic. For more details, see pp. 8 of [13]. □ 

In fact we have a more intrinsic approach to obtain the regularity by Garding's inequal- 
ity and Sobolev lemma. Garding's inequality states that for oj G A p,q (X) on a compact 
n- dimensional Hermitian manifold X, there holds \\ui\\f < C(\\u\\ 2 + ||c?w|| 2 + \\d w|| 2 ), 
where || ■ || 2 denotes the Sobolev s-norm and C > (always) denotes the constants. Note 
that the Garding's inequality also holds on Sobolev space of complex differential forms. 

Let $j- = \d*Gd (j2 l+k - 

__■ Lpi j^jQo ) for j > 2. Then by Garding's inequality, one has 
12 ^ rviiTf^ n !_ + || $ . 

i+k=j 

2 

< C ^2 y^-i^fc-^o 

i+k=j 

Here we also apply Lemma 12.31 and quasi-isometry Theorem 11.11 and the definition of 
Sobolev norm. By the iteration construction of $*'s and also <^*'s, we know that 

2 





i+k=j 



II i 



< 



s E 

i+k=j i+k=j 

From these and Lemma 14.11 it follows that for some large valued t, 

\\®(t)M \\l < °°- 

This argument still works for all the Sobolev norms. Here we only need a generalized 
Garding's inequality such as Theorem 1.1 in Chapter IV of the book [13J. It is easy 
to choose the constant C to work uniformly for all norms and thus obtain an identical 
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convergence radius for all ||$(£)jf2o||s- Then from the classical global Sobolev lemma, 
the completion of C°°(X) in Sobolev s-norm 7i[ n /2]+i+s(X) C C S (X) and n s 'H s (X) = 
C°°(X), it follows that 

$(t)jfi e C°°(X). 
See Section 6 of Chapter in [5] for more details. 

Now we state the following multi-parameter result, while we just sketch its proof since 
it is essentially the same as the one-parameter case. 

Theorem 4.5. Let X be a CY manifold and {(pi, • • • , Lpjy} G H 0,1 (X, T]f) be a basis with 
norm = Then for \t\ < 1, we can construct a smooth power series of Beltrami 
differentials on X as follows 

(4.10) $(t) = 5>^= J2 ^-CGilW), 

|I|>1 Vl+-+V N >1, 

each Vi > 0, i = 1, 2, • • • 

where <fo-Vi-a — V 9 *- 27ws power series has the following properties: 

a) <9$(£) = |[$(t), t/te integrability condition; 

b) d tpi = /or eac/i multi-index I with \I\ > 1; 

c) v 9 /- 1 ^ d-exact for each I with \I\ > 2. Here Q is a holomorphic (n,0)-form on 
X ; and more importantly, 

d) global convergence: ||$(£)jfio|| < ||y/-ifio|| ' 1^1 < oo as long as \t\ < 1. 

Proof. Let us construct the power series $(£) in multi-parameters by induction. Write 
B> K = {y Vl ... VN G A°' 1 (M, T]£) I each integer ^ > and v x + • • • + v N | K, K > 1}. 

It is easy to see that <3>(t) should satisfy: 

a) d(p Ul ... UN = ~ [^ ai -a N ,(fi^-fi N ]ioT ip Ul ... UN e B> 2 ; 

Cti+Pi=l>i 

b) d*ip Ul ... UN = for <f Ul ... VN G jB>i; 

c) v ? i/i---i/ ]V J ^o is 5-exact and thus d((p Ul . .. UN _iQ ) = for each ip Ul ... UN G i5> 2 - 
Assuming that the above three assumptions hold for tp Ul ... UN G B> 2 H £><x, then one 

can construct (p uv .. UN G such that it also satisfies these three assumptions. In fact, 

Lemma 1X51 and the assumption c) for (p uv .. UN G B> 2 H £><^ imply that 

(4.11) fo, 

where ^ + J2j Pj = K + 1- Then, by multi-index Lemma I4T31 and the assumption a) 
for w...^ e #>2 n B< K , we have 

(4.12) dd f ^ Vai.-ow-iVA-^-ifio ] = <9 ( [V«i-aw>^i-^j )-' n o = 0, 

for any <p Vv .. m G Bk + \. Therefore, one can construct *ff vl ... VN directly by d- Inverse formula 
E3]and (g~TJD as 



\1> 



-d*Gd I ^ Ql ... Qjv JV9 ft ... fe jn ) 



Hence we define ^ 
where SIq := ^p- A • • • A ^ is the dual of fio- Then it is easy to check that 
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since Q is parallel, and also d(p ul ... UN — \ Yl [^ai—atn VPi-PnY To complete this 



induction, we construct tp Ul ... UN e B 2 as 
(4.13) ip Vv .. VN = 



—d Gd (^jj^jjfio)-i^O' ^ u i = = I, i 7^ j, 
— \d Gd (ipi-iLpi-iQo) j^q, if i/j = 2, for some i G {!,-•• , N}, 



which obviously satisfies a), b) and c). 

Up to now we have completed the construction of the power series satisfying a), 
6) and c) as in Theorem 14.41 It now suffices to check the global convergence in L 2 -norm 
and regularity of $(£). 

We may choose ||</?jjfi || = \\(fi\\ = j^. Thus by Lemma I4T21 and our quasi-isometry, 
we have the following estimates for \t\ < 1, 

\\^(t)jn \\ L 2 



a 1 ---a N -if/3 1 ---l3 N -i^o) t^ 1 • • • t 

i=l K:=ZiVi>2 J+L=K,J,L>1 

<Pa 1 ---a N £Bj,<ff3 1 ... l 3 N &BL 



N 



X 

7 I . I ■ II./: •.. IJ Jfill • I* '' V 

i=l J+L=K>2,J,L>1 



N 1 

-A) I 



< ^2x K \t\ K + Xi\t\ 



K=2 

< + oo, 



where the series {xj}j^l is just the one as in the Lemma [4.21 

As for the regularity of $(£), we can follow the argument in the proof of Theorem 14.41 
word by word. Hence the proof of this theorem is completed. □ 



5. Global canonical family of holomorphic (n,0)-FORMS 

Based on the construction of L 2 -global canonical family $(t) of Beltrami differentials 
of Theorem I4.4l in Subsection 15.11 we obtain an L 2 -global canonical family of holomorphic 
(n, 0)-forms on the deformation space of CY manifold in Subsection 15.21 

5.1. Iteration on Kahler manifold. The iteration procedure is to construct holomor- 
phic sections of the canonical line bundle Kx t of the deformation X t of a Kahler man- 
ifold X induced by the Beltrami differential satisfying the integrability condition. 
More precisely, our goal is to find a convergent power series for any holomorphic section 

n eH°(x,K x ), 

I/I>1 

such that e*(*)jfi t G H°(X t , Kx t ) is holomorphic with respect to the induced com- 
plex structure J$m by $(£). It is easy to check that the map e*Wj : A°(X,Kx) — > 
A°(X t , Kx t ) is a well-defined linear isomorphism. Then Proposition 15. II is used to deter- 
mine the holomorphy of the section e*^ jO t , and our goal of the iteration procedure is 
thus reduced to solving the <9-equation ( 15. ip by 5-Inverse Lemma 12.31 See also Lemma 
10.2 of El. 
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Proposition 5.1. For any Vl G A n '°(X), the section e*Wjf2 G A n '°(X t ) is holomorphic 
with respect to the complex structure J$(t) induced by $(£) on X t if and only if 

(5.1) dn + d($(t)jn) = 0. 
Proof. This is a direct consequence of Corollary 13.51 In fact, 

(e _< * o d o e**) (ft) = dQ + d{$M), 

if the vector bundle E is trivial and $(£) satisfies the integrability condition. The operator 
d, which is independent of the complex structures, can be decomposed as d = d t + d t , 
where d t and d t denote the (0, l)-part and (l,0)-part of d, with respect to the complex 
structure J$( t ) induced by <&(£) on X t . Notice that e*^ jft G A n > (X t ) and thus, comparing 
types, we get 

(e~** od t o e 1 *) (ft) = dft + <9($jft), 
which implies the assertion. □ 

Let X be an n-dimensional compact Kahler manifold and {</?i, • • • , y>jv} G H 0,1 (X, T]f) 
a basis with the norm \\ifi\\ = C(N), N = dimH 0,1 (X, T x ' ) for each % — 1, 2, • • • . A power 
series of Beltrami differentials in the following form 

JV 

<&(*) = E ^ + E ^ = E • • • e a ^*, t^°) 

i=l |J|>2 z^iH Vv N >\ 

with Vo— i/j-o = V 9 *; is called an L 2 -global canonical family of Beltrami differentials on the 
Kahler manifold X if it satisfies: 

i) the integrability condition: <9<3>(£) = -[$(£), <£(£)]; 

ii) global convergence in the sense that 

||$(t)jft ||i,2 < E IMIII^oll •^ |/| < o° 
|/|>i 

as long as \t\ < R, where the convergence radius R is a constant only dependent on C(N) 
and fto is a non-vanishing (n, 0)-form. 

Proposition 5.2. If there exists an L? -global canonical family $(£) of Beltrami differ- 
entials on the Kahler manifold X with convergence radius R, let X t = (X t , J<&(t)) be the 
deformation of X induced by $(£). Then for any holomorphic (n,0)-form ft G A n '°(X), 
we can construct a smooth power series 

oo 

(5.2) n t = ft + E ^it 1 e A n '°(x) 

i/i>i 

such that ft = ft with the following properties: 

a) := e*^jf]| G H°(X t , Kx t ) is holomorphic with respect to J^uy, 

b) ft/ G A n,0 (X) is d-exact and also d* -exact for all \I\ > 1; 

c) it converges in L?-norm with convergence radius R. 

We call ftf an L 2 -global canonical family of holomorphic (n, 0)-forms on the deforma- 
tion space of Kahler manifold X and R as its convergence radius. 

Proof. By Proposition 15. 1\ we know that ft t must satisfy the equation 

(5.3) dQ t = -d($(t)jft t ). 
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By comparing the coefficients of t" 1 ■ ■ ■ t 1 ^ of both sides of (15.31) . one knows that Equation 
(15 .3p is equivalent to 



(5.4) 




Vai-a]v J ^/3i-/3]v ) > 

ai+/3i=v>i,ai>0 



where each > and Sz/j > 1. 

We first prove that the equation (15.41) has a d-exact solution by induction. Set 



I ^2 Pai-aN^Pi-PN J 

\Oi+ft=i/i,Oi>0 / 



which is clearly 9-exact and thus M.g(rj) = by the Kahler identity Dg = Dq. So by 
9-Inverse Lemma [2.31 it suffices to show that dr\ Vv ,, VN = 0. 
For the initial case Ez/j = 1, one has 

dr) Ul ... UN = -dd((p Ul ... UN M Q ) = d(dip uv ..„ N M + ip Vl - VN -idQ ) = 

since dip Ul ... UN = and dQ = 0. Thus we have 

(5.5) Qvv-vn = d <&q Vl ...„ N = -d dG((p uv .. 1/N M ) = dd G(<p Vl ... VN M ) 

by d- Inverse Lemma [2.31 and Kahler identity. 

Supposing that the (n, 0)-forms Q Ul ... UN with Ez/j = K are constructed, we can also 
prove 

drj Ul ... UN = 



for Ez/j = K + 1 by induction and the commutator formula Lemma 13.31 This calculation 
is routine and left to the interested readers. Similar to the initial case, we can construct 
the (n, 0)-forms Q U1 ... UN with Ez/j = K + 1 as 

^ Vl -u N = ~d*dG f ^ W-a^tySi-Av ) = dd*G f ^ Vai-a*-l%-Av 
Xai+Pi^ifOi^O / \ai+/3i=^,ai>0 

Hence we have completed the construction of the power series Q t of (n, 0)-forms. 

Finally, let us prove the global convergence of the formal power series. By the global 
convergence of the canonical family of Beltrami differentials, we know that there exists a 
small constant £ > and a constant R\ £ (0, R] such that 

\i\ =i 

for all large i > 0. We may assume that this fact holds for all? > 0. Then we have the 
following estimate for each % > 

(5.6) £ < c(£ + l^r, 

\I\=i 

which follows by induction and implies the convergence of power series (15. 2p as long as 
|£| < R\. We set H^oll = 1 f° r convenience. First for the initial case i = 1, one has 

£ llO/ll < ii ii £ imi < i?r x c, 
i/i=i i/i=i 
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where the quasi-isometry Theorem 11.11 is applied. Then, we assume that the estimate 
(15. 6p is true for I = 1, • • • , % — 1 and try to prove the case I = i as follows. 

\I\=i |/|=i,[/ 2 |>l, 
h+h=I 

< CRT 1 ^ + i) l - 2 Rf- 1] + ■■■ + £i?r l £ + £V 

. 1 _ (£ + 

= m + ir^r. 

where the first inequality is also due to Theorem 11.11 Yet it is easy to check that the 
convergence domain for \t\ of ^ i=1 £(£ + l) 1 * 1 Ri % \t\ l is obviously [0, 

The regularity of Qt follows directly by the argument in the proof of Theorem 14.41 This 
completes our proof. □ 

5.2. Global canonical family. Now let us state our main result of this section in the 
CY case, i.e., the central fiber of the family is a CY manifold. In our case, all the fibers 
of this family are CY; while in infinitesimal deformation theory this is a standard result. 
See Lemma 1.4 of |14j . 

Theorem 5.3. Let X t = (X t , J^m) be the deformation of the CY manifold X induced 
by the L 2 -global canonical family $(£) of Beltrami differentials on X as constructed in 
Theorem \4-5\ Then for any holomorphic (n, 0)-form f2 on X and \t\ < 1, ilf := e*^ jJI* 
defines an L 2 -global canonical family of holomorphic (n,0) -forms on X t and depends on 
t holomorphically. 

Proof. We first construct the so-called canonical family of holomorphic (n, 0)-forms on 
the deformation space of CY manifolds. Actually according to the construction of the 
power series Q t , we have Qj = for each |/| > 1 by Equality f)5.5p and c) of Theorem 14.41 
that is, Q t has only one term Q Q . The holomorphic dependence of on t implies that 
flf depends on t holomorphically. Now the proof of Theorem 15.31 is a direct corollary of 
Proposition 15.21 and Theorem 14.51 □ 

The local version of this theorem is just Proposition 3.4 in [6], first proved in [16], which 
states that if furthermore, Qq is nowhere vanishing, then £lf gives rise to a well-defined 
nowhere vanishing holomorphic (n, 0)-form on X t as t is small. 

Moreover, we can also obtain a global expansion formula of the canonical family of of 
holomorphic (n, 0)-forms for general Kahler manifold case. 

Proposition 5.4. Let := e®WjQ t be the L 2 -global canonical family of holomorphic 
(n,0)-forms as constructed in Proposition ^ .<\ Then for \t\ < R, there holds the following 
global expansion of the de Rham cohomology classes of it 

[of] = [n„] + ^Pte/-^)]* 7 + (\t\ 2 ), 
\i\>i 

it 

where 0(\t\ 2 ) denotes the terms in H n ~^'^[X) of orders at least 2 int. In particular, 

J'=2 

if X is a CY manifold, then for \t\ < 1, 

N 

[Qf} = [Q } + Y,[^o}U + 0(\t\ 2 ). 
i=i 
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Proof. This corollary can be regarded as a global version of Theorem 3.5 in [5J. Here 
note that converges in L 2 -norm as a formal power series, and is a holomorphic (and 
thus harmonic) (n, 0)-form on X t as long as \t\ < R. Then from Theorem 15.31 and Hodge 
theory we can see that for \t\ < R, 

N I k 

[nf] = [n ] + Y^M<Pi^ )]t i + ^[e( V 9 /J fio)]t / + ^^p(/\$(t) J fio)] 

i=l |J|>2 fc>2 

N 

= [n ] + Y^M^o)]ti + + o(\t\ 2 ). 

i=l |7|>2 

Note that the facts that ^i J ^o is harmonic and that <fii-i£lo is 9-exact for each |/| > 2 
may not hold here. While for CY case we know that fi-i^lo is harmonic and that fi-iflo 
is d-exact for each |/| > 2. For the first fact, see Lemma [3.31 or the proof of Proposition 
3.4 of [6J. The remaining terms in the right-hand side of the expression formula are all 

n 

of orders at least 2 in t and belong to 0(|t| 2 ) e H n ~ j ' j (X). □ 
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